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Abstract 

We consider a theory of scalar and spinor fields, interacting through Yukawa and 0^ 
interactions, with Lorentz-violating operators included in the Lagrangian. We compute 
the leading quantum corrections in this theory. The renormalizability of the theory is 
explicitly shown up to one-loop order. In the pure scalar sector, the calculations can be 
generalized to higher orders and to include finite terms, because the theory can be solved 
in terms of its Lorentz-invariant version. 
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1 Introduction 



Lorentz and CPT symmetries seem to be exact in nature. Although they have been 
continually confirmed in experiments at relatively low energies {E < 14 TeV), there is no 
reason to think that they might not be slightly violated at high enough energies, where new 
physics and quantum gravitational effects could arise. The standard approach to study 
small Lorentz violations (LV) and CPT violations beyond the standard model (SM) is the 
standard model extension (SME) [Ill2]- The Lagrange density of the SME contains all 
possible new operators that can be constructed with SM fields using effective field theory. 
In this approach, the fermion and boson fields are coupled to constant background tensors, 
and these tensors can be used to parametrize experimental constraints on Lorentz and 
CPT violations. 

Although effective field theory describes what models with Lorentz and CPT viola- 
tions might look like, it does not explain what the physics responsible for the LV might 
be. However, it is known that any new local operator that violates CPT symmetry will 
necessarily violate Lorentz symmetry [3j. One of the possible scenarios where CPT sym- 
metry can be violated is one where the fundamental constants are allowed to change. 
Time variations in the fine structure constant a, for instance, can induce Lorentz and 
gauge symmetry violations at the quantum level [H H]. LV would also exist if spacetime 
is noncommutative [6j. Spacetime discretization could also be a possible cause of small 
violations of Lorentz symmetry [7], as could spontaneous violation in string theory [8]. 
Whether these scenarios exist or not is still an open question; nevertheless, experiments 
searching for any time variation in fundamental constants or any of the other phenomena 
that can induce Lorentz symmetry breaking are of fundamental importance. The absence 
of these effects in experimental results is related to tests of Lorentz and CPT symmetries. 

Abelian gauge interactions have already been studied in great detail in the SME con- 
text [9l [TOl [m [121 [131 [El Uni [16] . Examinations of fermion-photon interactions have led 
to bounds on many of the parameters contained in the SME [T71[T8l[T9l[20ll2Tl[22ll23l[2i]. 
The Yukawa sector has been rather little studied in the SME context |25l [26], in spite of 
its great importance for mass generation in the SM. The interactions of scalar fields (such 
as the Higgs) with fermions are described by Yukawa forces, which can lead to processes 
such as if — )■ / + /. Since the SM also contains a scalar sector, the study of Lorentz 
and CPT symmetry violations in Yukawa interactions is important, and understanding 
it may be key to comprehending any new physics that involves LV. With the maximum 
energies and conditions that are expected to be achieved at the LHC, the production of 
Higgs bosons should be possible, which makes this study particularly relevant now. How- 
ever, even if the Higgs particle is not found in the present experiments, this model can be 
applied to any kind of interaction between scalar and fermion fields with possible LV. 

Another arena in which Yukawa interactions are important is the study of effective 
theories containing mesons. Before quantum chromodynamics was introduced, forces 
between nucleons were explained by the exchange of pions and other mesons. Pions are 
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spin-0 pseudoscalar particles, obeying the Klein Gordon equation and interacting with 
baryons through a pseudoscalar Yukawa vertex. Currently, strong forces are described at 
its most elemental level by QCD. However, the pion picture can be seen as a low energy 
effective theory describing the interactions between nucleons. 

In this paper, the focus of our attention will be quantum corrections rather than 
tree-level phenomenology; for this purpose, we will need to define an appropriate renor- 
malization scheme. Some work on renormalization has already been done within the SME 
context; the main results are in electrodynamics pTf [28] , electroweak interactions [29], 
and non-abehan gauge theories [HDl EI] • 

This paper is organized as follows: From sections H] to H] we will focus on a Lorentz- 
violating theory for N scalar fields. We will start by discussing its Lagrangian and Feyn- 
man rules in sections [2j Quantum corrections for the correlation functions are computed 
in section [3l In section HI we look at the implications of these results: verifying renor- 
malizability, calculating the renormalization group (RG) /9-functions, and showing how 
the Lorentz-violating theory may be solved exactly in terms of conventional Lorentz- 
invariant, (j)^ theory. In sections O and O the same procedure is applied to a theory with 
LV in Yukawa interactions. Section |5] introduces its Lagrangian and includes the calcu- 
lation of the one-loop corrections to the theory's correlation functions. The divergences 
and RG behavior is studied is section |6l Section [7] summarizes our conclusions. 



2 Lorentz Violation for N Scalar Fields 
2.1 SME Lagrangian 

A Lorentz-invariant theory with N massive scalar fields, interacting through a 0^ inter- 
action can be described by the 0{N) symmetric Lagrange density 

^ = l{dy^){d,<i>.) - ^/iV.^ - (1) 

where 0f = 0^ H h 0^. 

In the unbroken symmetry phase (/i^ > 0), the dispersion relation for any excitation 
of a field 0j takes the usual form E = y/p^ -f //^. Let us now consider adding dimension 

3 and 4 Lorentz-violating operators, to give a Lagrange density of the form 

1 1 ^ 1 ^ 

i=l i=l 

+ J2^fv^d,<P,-^i^!f, (2) 

with \K^^j^\ ^ 1. The terms involving the uf and Vj coefficients in eq. ([2]) are trivial and can 
be dropped in a theory with space-time independent coefficients, because they represent 
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total derivatives. Ck does not respect Lorentz invariance. For example, if i^'^y = Kqq5^^51, 
the dispersion relation for takes the form E = a/p^ — KIq{p^)'^ + /x^, which is clearly 
not boost invariant. Ck is, however, invariant under CPT transformations. 

The dimensionless coefficients K^^^ are expected to be very small (because Lorentz 
invariance is at least approximately valid). The inclusion of higher- dimensional operators 
could effectively make them depend on the momentum carried by the fields, generating 
additional new effects. However, we will assume them to be constant and, moreover, equal 
for each field (-ft'^,^ = K^^), preserving the 0{N) symmetry. Their constancy relies on the 
inference that momentum-dependent terms would arise at an energy scale far beyond the 
one of interest. The symmetry condition Kfj_i, = K,^^ is also implied by the structure of 
the K^yd^^(j)id^(f)i term. 



2.2 Feynman Rules for the Renormalized Theory 

The Lagrangian defined in eq. (|2]) demands the introduction of new Feynman rules that 
account for the effects of the coefficients K^^. Following a perturbative approach, the 
Lagrangian density will be written as Ck = Cq + Cmt, where 

^0 = lid''<Pi){d,^i) + ^K,,d>'<p,d^<p, - i/iV- (3) 

and 

Note that no Lorentz-violating modification of C^t is possible without including op- 
erators of higher dimension. In momentum space, the free Feynman propagator derived 
from eq. (E]) is 

Although this is the exact propagator for the free theory, loop calculations will be very 
difficult to perform if the full expression is used. Taking advantage of the fact that the 
coefficients K^^ are small, we expand eq. ^ as 



Df{p) 



p^ — jj? + it 



K^.p^'p- ^ K^^Kp^p^'p'-ppp- ^ _ _ 



(6) 



p"^ — jj? {p^ — iJ?Y 

The free propagator becomes an infinite sum. The inclusion of the first two corrections 
should be an excellent approximation, but the effect of all higher order contributions 
will also be included in section HI (where we also show how using the Lorentz-violating 
propagator given by eq. ([5]) is equivalent to transforming the action, by means of the intro- 
duction of the Jacobian induced by the matrix K.) Using a diagrammatic representation, 
the free propagator for the field 0i will be represented by 
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p 



- r]''^p''p'^6z„ - r]^"^p''p^6z^] 



Figure 1: Feynman rules for N scalar fields with LV. We defined 6^''^5^''^ = + + 



where each black dot represents a Lorentz-violating K insertion. 

The vertex is not directly affected by the introduction of K. However, a K dependence 
arises at the quantum level, because the renormalized vertex contains internal propagators. 
The Feynman rules for this theory are summarized in fig. [H where the set of counterterms 
required to renormalize the theory is also introduced. 

3 Corrections to Scalar Correlation Functions 
3.1 The Vertex 

In order to find the corrections to the four-point function, we will include all the one- 
loop contributions, which give (9(A^) corrections. The Lorentz-invariant diagrams that 
contribute — up to 0{X^) — are shown in fig. [21 We begin with the Lorentz-invariant result, 
which arises with the use of the propagator Dp{p) = -^p^r^jr^- In terms of the symmetric 
sum of indices — S^"'^5'^^ = 5°'^5'"^ + 5°'^5^''' + 5"''^5'^^ — this contribution can be written as 



+ 



+ 



+ 



iM 



ijkl 





) 



'A, 



where s, t and u denote the usual Mandelstam variables. Contracting the fiavor indices 




X) 



Figure 2: Lorentz- invariant one-loop corrections to the scalar four-point function; the last 
diagram represents the counterterm. 



on any of the loop diagrams shown in fig. [21 we find 

Mijki = (jv + 2)6'^''^ + 26^'^''^\ (8) 

Since V{p'^) includes a divergent contribution, some renormalization scheme must be 
introduced. We will use dimensional regularization, where the spacetime dimension d is 
d = 4 — e. The limit e — )■ produces the final results, as usual. Using the Feynman rules, 
and denoting by p the momentum transfer, we find 
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2(47r) 







(9) 



where A = /i^ — x(l — x)p'^. 

When we include the corrections arising from the Lorentz- violating terms, the function 
V will be modified. For the one-loop case, we will denote by V^'^^ the contribution that 
arises when i insertions of K are introduced on the internal lines. K insertions on the 
external lines are not interesting, because those diagrams can be reduced by amputating 
the Lorentz-violating external legs. When one K insertion is introduced on one internal 
propagator, we find a correction 
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K 



fii/ 



(An) 



dx 



r]''^T{e/2) x^p^'p" 



A 



(10) 



to V. Two K insertions can be made in two different ways, both on the same internal 
line or one on each line. Combined together, they give 



2(47r) 



dx- 



X] 



A^/2 



X 

2A 



X 



A2 



■p'^p^ppp" 



:iii 



The two-loop corrections were also computed. Since the results are rather complicated, 
they are not shown, but their contributions to the /3-function will be included. 



3.2 The Scalar Propagator 

As is well known, the lowest-order correction to the scalar propagator in (f)^ theory does 
not have any momentum dependence. Therefore, to study the effects of K^i, on the 
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Figure 3: Renormalizable 0{X'^) corrections to the scalar propagator. 

field strength renormalization, we must consider two-loop contributions. In the Lorentz- 
invariant case, the lowest order corrections — up to two-loop order — to the scalar propa- 
gator are represented by the diagrams in fig. [3l which can be written as 

+ DUpW'ip'Sz-SjD^p). (12) 

The loop contribution of 0{X'^K^) is denoted ziT'^ . The tadpole diagram, which is the 
lowest correction — but momentum-independent — gives the usual infinite contribution at 
0(K°) 

^(0) _ (AT + 2) r(l - d/2) 

^ 2(47r)2 (/i2)l-d/2 • ^ 

The inclusion of Lorentz-violating terms in the tadpole also gives infinite results. When 
one or two K insertions appear inserted on the internal line we find, respectively, 

ZW - (iV + 2) r(l - rf/2) 

(,) _ (iV + 2)1(1-^/2) , . 

~ 16(4vr)2 (;.2)i-d/2 ^M^^^P^^ ^ • 

The first correction to the field strength renormalization comes from the two-loop 
sunset diagram — the fourth one shown in fig. [3l The other diagrams do not depend on 
the momentum, so they can totally be absorbed in the mass counterterm. The Lorentz- 
invariant value of the sunset diagram is given by the integral 

xii v(0) = _J_;^{ifcxim}x{oprni} / ^'^^1 ^'^^2 ^^'^ 



which becomes after some algebra 

{N + 2) 

2(4vr)4 io ^■^io 9'-'/' 
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where g = x"^ — x + xy — y + y'^ , Ai = — /i^, and / = — x + xy. To find the 
contributions from the Lorentz-violating terms, we introduce a K insertion on any of the 
three internal fines. Eacfi sucfi insertion gives tfie same contribution; tfius tfie total result 
is 



?,{N + 2)K^ 



2(47r) 



dx 



l-x 



dy 
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3-e/2 



r(-i + e) 



;i_^)^/-Ai-r(e; 
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Wfien two K insertions are introduced in tfie internal lines, tfiere are two different possibil- 
ities. As in tfie four-point function case, tfie Lorentz violating insertions can be introduced 
on tfie same line or on different ones. Eacfi case fias a total of tfiree possibilities, and all 
of tfiem add up to make 



.(2) 



2,{N + 2 



K K 



2(47r 
2Ai 



dx 



dy 



rf-1 



,4-e/2 



[y{l-yf + 2{l-x-y)x'] 



-x){l-x-y) r]'"'pPp'' 



+ 



x\x^ - 2x + 1 - y^)p^p''p''p'' 



(19) 



4 Renormalization and Finite Terms 



4.1 /3- and 7-Functions 

Before extracting tfie divergences of tfiis tfieory, we must define an appropriate set of 
renormalization conditions. Tfiese conditions will also be necessary to compute finite 
corrections, wfiicfi will be done in section We will use tfie standard 0^ tfieory renor- 
malization conditions: 
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Using the results found in section |3] and the renormahzation conditions defined above, we 
find (neglecting their finite contributions) 

= ^-^^ [r(e/2) - InM^] + Oi\') = -26,, = 86,, = A6,„ 
' - ^'^^^ [r(e) - In M^] + OiX') = -6z, = -6z, = 26z, = 26z, = 6z,, 



36(47r)^ 

5z, = 0. (20) 

The 0{\^) corrections in the vertex and the propagator counterterms come from two- and 
three-loop order corrections respectively. A two-loop approximation will be used in the 
/3-function calculation. (However, we shall not discuss the mass renormahzation.) These 
results confirm renormalizability of the theory. There are no other divergences at one-loop 
order, the relations among the counterterms are consistent with the 0{N) symmetry, and 
all nonlocal divergences are canceled at two-loop order. 

Using the relations (1201) and the Callan-Symanzik equation (CSE) 



P2, ■■■,Pn) 



=0, (21) 

-M2 



we find the (3- and 7-functions 



where U = (l - \K^,r]^''' + \K^,K^pr]^^'''r]'^P^) + 0{K^). 

Although the function 11 was computed up to second order in K, it can be general- 
ized to any order. For this purpose, we must compute the infinite contribution to V^^\ 
which represents the one-loop correction to the scalar vertex when n insertions of K are 
introduced. A detailed explanation can be found in the appendix. The result is 

/_iNn+l /I \ " 1 

= 2{hy (2 J n\ ^^'/^^ ^/^-^^/^-^ ■ ■ ■ K.^.^v^^^'^^v^'^' ■ ■ ■ 77^"->. (24) 

with the symmetrized sum Kf^^y^Kf^^^, ■ ■ • -ftr/.„i/„?7^^''''?7^''''^ . . .77^"''"^ = s'^[Kf,yr|^'''] as de- 
fined by eq. (lA4p in the appendix. Once the contributions from the different channels are 
included, the i^'-independent term V^^^ = — 2(4^)2 reproduces the 0{\^) Lorentz-invariant 
term of eq. (!22|) . Therefore, the remaining n-dependent factor in eq. (12^ is the 0{K^) 
contribution to 11. Adding all the contributions at all orders (as shown in the appendix), 
we find 

n = , ^ , (25) 

Vdet(l + ir) 
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which was also found in the low energy regime in [32]. Using this result, we see that the 
(3- and 7-functions rescale as 



/3(A) = 5^A"/3W[det(l + ir)] 



-(n-l)/2 



7(A) = 5^A"7f [det(l + ir 



-n/2 



(26) 



n=2 



n=2 



where j3n^ and 71°'' are the (9(A") results for the Lorentz-invariant theory. 

This result is to be expected. To understand why this rescaling is possible, we consider 
the action for the theory 



1 

2^ 



2 J,2 



A 

4!' 



(27) 



Under the change in coordinates, x'^ = — ^K^x'^, the partial derivatives transform 
as d'^ = + ]^K^^dy. Under this transformation, the i^'- dependence in eq. fl271) can be 
eliminated, although the transformation has a nontrivial Jacobian. To first order in 
J = |det (^T^r) I = |det((5^ + Including the correct transformation and Jacobian 

to all orders, eq. (127|) becomes 



S 



d^x'^/det{l + K) 
1 



' 2\2 



d^x' 



2(W) 



2 J, '2 



A' 
4!' 



/2\2 



where 



[det(l + 



1/4 _ 



A'= [det(l + ir)]"'/'A 



(2^ 



(29) 



The relations ( 126|) can then be deduced after using only the redefinitions ( 129|) . Note that 
this means that when there are only scalar fields, the theory with K is equivalent to the 
Lorentz-invariant 0*^ theory, albeit in different coordinates. 



4.2 Finite Corrections 



In this section, we will present the finite contributions to the two- and four-point functions, 
using the renormalization conditions given in section 14.11 Using these conditions, and 
neglecting terms of the order 0{K'^), we find 



(A^ + 2)n^ 

2(47r)4 



p2 + 



l-x 



dx / dy 



Ai(p2 



In 



Ai(j92 



Ai(-M2) 



+ SK^^pf^p" dx dy 



l-x 



yf' 



In 



Ai(p^) \ yf p' + M' \ 

Ai(-M2)y' g Ai(-M2)j 



(30) 
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In fl30l) . p ■ p and pop indicate different inner products of p witli itself. For tlie first case, 
Pi'Pj = Vfj.vPiP'j, while Piopj = {Tj^y + K^i,)j/^p^- for tlie second. Since tlie renormalization 
conditions are defined at p^ = — M^, it is natural tliat rescales as — )■ M'^—K^^^p'^p'^. 
Tlie lowest-order finite correction to the vertex is 



V^^\p) 



n 



i^J dxln 


\ A(P) 1 


_A(-M2)_ 





2(47r)2 



\ (1 - X)2x3(p2 + 
uT- 

A(p2)A(-M2) 



(31) 



Eqs. fl30l) and fl3Tl) can be generalized to any order in K, using the relationship to 
the conventional theory discussed in section 14. 1[ Adding the contributions from all loop 
orders, the quantum corrections to the two- and four-point functions for the Lorentz- 
violating theory can be written as 



G 



(2)ii 
K 



G 



{A)ijkl 



K 



n 

1=1 

4 

n 

n=l 



po p — 



^ Z,(nA , o p}, - K,,p^p^) 



q=l 



Pn°Pn- jJ' 



__ J- v^^>^i^uX , {p, op,}, /i^, - K,,p^p^) , 



(32) 
(33) 



9=1 



where Zq and V^^^^ are the g-loop contributions (with no external legs) to the propagator 
and vertex of the Lorentz-invariant theory, respectively. Eqs. ( l32l) and ( l33ll can easily be 
generalized to any n-point function, which is in agreement with the transformations (l29l) . 



5 Lorentz Violation in Yukawa Interactions 
5.1 SME Lagrangian 

Having studied the pure scalar sector in detail, we will now turn our attention to theories 
that include fermions and Yukawa interactions, with dimension 2, 3 and 4 operators within 
the SME framework. We start by writing the general Lagrange density 

+ i){iV^^^, - M) V - <\>^Gi), (34) 

where 

= 7^^ + = 7^ + c^^7m + rf'^'^TsTM + + + ^^^'^^.^ (35) 

M = m + i75m' + Mi = m + i-i^m + a^7^ + 6''757/. + ^^^^''Op.v (36) 

G = g\ il,g' + G^ = g + i^,g' + /^^ + J^757m + ^^'^'^or^.- (37) 
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Operator 


C 


P 


T 


CP 


CT 


PT 


CPT 


g, m, Coo, Cij, K^y 


+ 


+ 


+ 


+ 


+ 


+ 


+ 


bj, Jj, gm, gijo 


+ 


+ 


— 


+ 


— 


— 


— 


bo, Jo, Qm, 9ijk 


+ 


— 


+ 


— 


+ 


— 


— 


g',m', coj, Cjo 


+ 


— 


— 


— 


— 


+ 


+ 


OO, -^0, Co, fj 




+ 


+ 






+ 




Hij, Lij, djo, djo 




+ 






+ 




+ 


Hoj, Loj, doo, dij 






+ 


+ 






+ 


Clj, Ij, Cj, fo 








+ 


+ 


+ 





Table 1: Discrete symmetry properties. 



In QED, the LV at the fermion-boson vertex is entirely determined by the coefficients in 
the free fermion sector [2]. This is a consequence of gauge invariance in QED, but the 
same requirement does not apply here. Instead, there may be distinct I'^, and L^^^ 
coefficients. The Lorentz violation in the pure scalar sector is described by the symmetric 
matrix K^j,^, as before, although we shall specialize to the particular case = 1. The 
terms u^cfydpcj) = \dp{u^(t?) and (p^v^dpcp = ^dp^v^cj)^) in eq. can again be dropped 
for constant u'^ and v'^. 

A list of the discrete symmetry properties of the operators shown in eqs. flM] - [37|) is 
shown in table [TJ The mixing of operators under quantum corrections is constrained by 
these symmetries. However, the situation is more complex than in QED, because the 
Lorentz-invariant operators parametrized by m' and g' are odd under P and T. Conse- 
quently, operators with different P and T symmetries may mix, through multiplication 
by m' and g'. 

The potential V{(f)) describes the interaction among the scalar fields; it will be given 
as usual by 

^(0) = + ^A0^ (38) 

with A > 0. 

As usual, quantum corrections modify the propagation and interactions of the different 
fields. The calculation of these corrections as well as the divergences that determine the 
behavior of the /3-functions will be studied in the next sections. The Feynman rules for 
this theory are summarized in fig. HI 
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p 

= -iMi 



-iGi 



i{l/+m-i'y5m') ^ _ ^-p/x 

p2_(m,2+m'2) p p 





-^{9 + ^159') 

-iSG = -i5g + 'j55g> - i'j^{5i) 



= z(r>^ - Ml) 5^ - i5„ + 755„, + ip^6^ - p^755^ + i-f^.pj^'' 
+ilblt,Pu^7 + i^c^AMPi^'^g'''' - ilp^'i - il5lpK - ¥^l^'^^H 



^ ^ = -iX 



X 



Figure 4: Feynman rules for the Yukawa theory with LV. 
5.2 The Scalar Propagator 

At one-loop order, we will consider all the possible corrections to the scalar propagator. 
They can be divided in two groups, with each group related to a specific vertex — scalar 
or Yukawa. The total one-loop contribution to the scalar propagator — including external 
leg corrections — will be written as 

^Z{P) ^, , ' ... (39) 



p2 + K^„p^'p'' - /i2 p'^ + Kf,l,p^'p'' - /i 

where Z{p) is the sum of all one-particle- irreducible (IPI) insertions into the scalar propa- 
gator. The contribution given by the pure scalar sector, Z^{p), was previously computed, 
so we will only show the results for the Yukawa vertices. We will focus our attention on 
the divergences, which determine the behavior under the RG. The correction coming 
from the Yukawa sector will be written as Z{p) = Z^{p) + Z^{p), where Z^[p) is the 
Lorentz-invariant contribution, given below by eq. f HOj) . and Z^[j)) includes the Lorentz- 
violating contribution associated with the coefficient x. The diagrams that contribute to 
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Figure 5: Lowest order diagrams with LV that contribute to Z{p). There are another 
three diagrams that contribute — when the Lorentz- violating insertion is introduced in the 
opposite internal line or vertex. However, they give the same results. 



the various Z^{p) are illustrated in fig. |5l The Lorentz-invariant contribution is 



Ai 



dx< 



(47r)2 



£(6/2) 



(47r)2 



2 / 2 2 

m + m p 

V 6 



1 



+ 



ig 
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Tr 



75{7«, 75)7/3 ("^^ + m'^)//"^ 



1 



a 
P p^ 



(40) 



where A2 = + m'^ — a;(l — a;)^^. 

The last two terms in eq. fj40l) are finite corrections. For a theory in d = 4 dimensions, 
{75! 7i^} = 0; however, the fact that (i = 4 — e, introduces an (9(e) correction in {75,71.}. 
This is an analogue to the axial vector anomaly in a gauge theory. The infinite contribution 
to eq. (HOI) is 



Aif] 



where rj = 71^^ • The Lorentz- violating infinite contributions are: 



{9' + 9'V - {^9' + 9")m^ - ^99'mm' - {g' + 3g")m" 



(41) 



(47r) 



Aif] c 



- \{9^ + ^")pV + + 9'^)P^.Pu + ni\3g^ 



9"X 



+ 4:gg'mmr]^^ + m' {g + 3g' )r]^ 



—Sir] g{gm + g'm')e^p^ 
-8ir]g'{gm + g'm')f^'p^, 
iZl, = 8ir^{g'' + g'^)a^p^ 

iZL = iZt = iZ" = iZl 



iZ 



00 ^^00 



iZi 



0. 



(42) 

(43) 
(44) 
(45) 
(46) 



The terms Z^,Zl^ and Z^ are unimportant total derivatives that can be dropped. In 
a more general theory that included spacetime-dependent Lorentz-violating coefficients, 
terms of the form p^Q^iiUi}) could no longer be discarded, because they would not 
represent total derivatives. In this case, they would generate quantum corrections to the 
term u°'(hdn(t>. 
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Figure 6: Lorentz- violating one- loop contributions to the fermion self-energy. 



5.3 Fermion Propagator 

At the lowest order, the fermion propagator is only corrected by the emission and reab- 
sorption of a virtual scalar field. Its one-loop Lorentz-invariant contribution is 



(47r)2 



dx 



^3 

9' {9 + ii^g' 

(47r)2e 



{^,75}, 



[{9 + 'i'lhgfi.'m - i'y^m') + {g"^ + g''^)x 



(47) 



with A3 = XyU^ + (1 — x){m'^ + m''^) — x(l — x)p'^. The infinite part of eq. (147|) is 
- iJ^oo = iV I ^(^'^ + 5''^)^ + (9^ - 9'"^)^ + 2gg'm' - ij5 - g'^)m' - 2gg'm 



(48) 



The infinite Lorentz-violating contributions to the fermion self-energy can be divided 
into the ones coming from the insertions on the vertices, and on the scalar and fermion 
propagators. The three types give respectively 



ivJ^ - 2^ ^" V + 9'(^f,uP'' + 2{gm + g'm')-/^-/^ 

iV ^L^"" - 5(75 e^^afi 7 V - 2g'-i^p^-i^ + 2{gm + g'm')a 

+ {g'm - gm')ef,„ai3 o""^ 
1 



(49) 
(50) 

(51) 



-zS^ = -tr^K^^^ -ig' + g'')iv,u^ - p,i.) + - {g' - g")m + 2gg 



m 



-775 



{9 -9' )m'-2gg'm 



(52) 



14 



-275 



(/ -g'^W - 2gg'm 
1 



(53) 



1 

+4 



(fi- -fi-' )m + 2ggm 



{g - g' )m'-2gg'm 



a 



(54) 



1. , 
--ir]e 



{g - g' )Pf, + 2i-f5gg'p^ + {g + g' )m^, 



ivf^ i'lbig -g' )Pui-2gg'Pi,-{g + g' )m'-ff. 



(55) 
(56) 



H qq 



(57) 



oo 

J? 



-^^^(/ + 5")«''7/. 

1 



2 
0. 



(58) 

(59) 
(60) 



5.4 Yukawa Vertex Corrections 

We now consider the quantum correction to the Yukawa vertex, beginning with the usual 
vertex correction with no Lorentz- violating terms. Denoting as p, p', and q—p' — p the 
momenta of the incoming fermion, outgoing fermion and incoming boson respectively, we 



15 










Figure 7: Lorentz-violating corrections to the Yukawa vertex. 



find 



ig = 2irj{g + i'-i^g'){g'^ + g'"^ 



i{9 + il^a') 



1 

dx 

^0 



1 

dx 

JO 



l~x 



dy- 



A 



e/2 



2(47r)2 



-(^7 + ^75^?') (61) 



(47r)2 

+ (m-i75m')(fi' + 275fl'')^ 



dy—{{/+m-zj,m') {g' + g''){/ + 



g'{g' + g'' ' 

2(47r)2e 



-7" {7^,75}, 



where we have defined / = p{l — x) — yp' and A4 = ^"^{1 — x — y) + {x + y){fn'^ + 

(47r) 



/2> 



x(l — + 2xyp' ■ p — y(l — y)p''^. In terms of = t^^Is'^ + fi*'^), the infinite part of 



eq. ( !6T|) is just 



«^oo = i^ig + ii5g')- 



(62) 



Now we want to solve the eight diagrams shown in fig.[7]that include the LV. They produce 
the infinite results 



J 

00 

L 

00 

K 



1 



—^ii{g + ii^g'Wri,. 



(63) 

(64) 
(65) 
(66) 
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Figure 8: Three of the six Lorentz- invariant diagrams involving a fermion loop and four 
external scalar legs. The other three are obtained by flipping the direction of the fermion 
current. 







(67) 




-^^ec?'^'^ ( - ^7 W ^"'^ + 2^7 V) 


(68) 






(69) 






(70) 




^i^g^'"' (gib ex^^upl^ + 2^'75^?a^7m) 


(71) 




^gl = = 0. 


(72) 



5.5 Scalar Vertex 

In addition to the corrections coming from the pure scalar sector discussed in section 13. H 
there are extra corrections to the 0^ vertex, coming from diagrams with fermion loops. 
At the lowest order, there are a total of six different diagrams that contribute; three of 
them are shown in fig. [HI The complete expression for the diagrams shown in fig. |H] is 
extremely long, even in the Lorentz-invariant case. Nevertheless, obtaining the divergences 
is straightforward, since the diagrams can have at most logarithmic divergences. Taking 
into account the six different contributions, the infinite part for the Lorentz-invariant case 
is 

iV^ = -2At7]{g^ + g'y. (73) 

The infinite Lorentz- violating corrections only receive contributions from c^u, and the 
result is 

^K^ = 24zr^(/ + <7'2)2c^%,. (74) 
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Operator 


Scalar Field Counterterm 






1 


S^2 = -4:r][m^{3g^ + g'"^) + Agg'mm' + m'2(^2 ^ 3^'2)](i _ c';) 
-AC(1 - \K^,) 







Table 2: One- loop counterterms for the scalar sector, in terms of ?7 = and C = 

6 Renormalization 

6.1 Renormalization Conditions 

To renormalize the theory, an appropriate set of renormalization conditions must be intro- 
duced. For the scalar propagator and vertex, we will use the renormalization conditions 
shown in section 14.11 For the fermion propagator and Yuwawa vertex, we will use the 
conditions 




Let H be a general one-loop correction. In the massless limit (m^, [j? -C M^), its 
contribution evaluated at M can be written as 

S = [r(e/2) - In + finite] , (75) 

where is its divergent coefficient, which determines the counterterms. A list of these 
counterterm coefficients can be found in tables [21 E] and IH 

6.2 /3- Functions 

After finding the full set of counterterms, we can compute the /9-function associated with 
each operator. These determine how the coupling constants evolve with the momentum 
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Operator 


Fermion Field Counterterm 


i> 




1 


r* F/O /0\ / #"1/-. lii "Itt-^iX 

5m = ^ [( ^7' - 9'^)"^ + 2(7(7W] (1 - \c^^ - \K^^) 


75 


bra' =r]{2gg'm - {g^ - g'^)m']{l - \c\ - \K%) 




5'i^-r][gl^-g\^'-gg'n 




S'^f^-rjig'I^-g'^f^^-gg'e'^] 




S^^ = l7]{g^ + g'^)[c^"' + - K^"" + r]^"'{c'^^ + K"J] 




S^" = -ry[ g'L'"' - + g''^)(hd^'' - d"'' - r/^^ci"^) - |^e"'^'''^L„^] 




-2g'J^rj^'' + lgg'{ s"^^/^ + 2^"^^ + 2g\pe''P^^)] 




5^ = r][2{gm + g'm')It' - \{g^ + g'^){2me'' + 2m' f^")] 


757/. 


6^ = ri[2{gm + g'm')J'' + \{g'^ + g''^){Ah^' + 2m'^\ + m gx^y e^'^''^')] 




= V[ W + 9''')ii^'' + - 9'^)Tn + 2gg'm' ] e"^'^'d,,g 
+[{9'^ - 9'"^)^' - 2gg'm]d'"' + 2{gm + g'm')Li"' + {g'm - gm') e^^'^^'L^p] 



Table 3: One-loop counterterms for the free fermion sector. 



Operator 


Yukawa Vertex Counterterm 


1 


5, = ^9{i - \c^, - in) 


75 


5,, = ig'{l - \c^^ - \K^^) 


7m 


6>i^\i{^I^^-ge>^-g'n 


757m 


6>'j = \a l^J^ + 9 e''^'"' gap. + 2g'g\ ) 




= 4L^^ + g e'^^'"' d,,s ~ 2g'd^"' ) 




Scalar Vertex Counterterm 


1 





Table 4: One-loop counterterms for the scalar and Yukawa interaction vertices. 
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scale. For this purpose we will need the CSE 



d_ 

m 



d 



G^^'^\{p,},{x,},M) 



(76) 



where is the /3-function associated with a parameter (for instance c^'^, b'^, etc.). 
The functions 7,^ and 7^ are the usual 7-functions for the scalar and fermion fields. The 
renormalization scale M comes into play in the counterterms, which cancel the divergences 
of the theory. 

In the massless limit, we can describe the M-dependence of the counterterms 5^. by 
shifting 77 as 77 — )■ r]M = j^p^[T{e/2) — InM^ + finite], where the finite contribution does 
not depend on M. Therefore, the counterterms are shifted according to SxXv) 5xXvm), 
and this implies that 



M 



d 
dM 



r(6/2) 



(77) 



where Sx^ is just the finite factor that multiplies the divergent factor r(e/2), i.e., Sqo in 
eq. dZS])." 

We will explain in detail how the CSE can be applied to the scalar two-point function, 
(^(2)(^p2^ {a^j}, M). When the CSE is applied to the other correlation functions, the remain- 
ing /3-functions — which cannot be determined from G'^'^^ alone — can also be computed. 

The scalar two-point function can be written as the free correlation function plus the 
one-loop corrections and the counterterms (including the external legs). It is given by 



G(2)(/, {x,}, M) = DUp) + DUp) [tZip)]DUp) + DUp) [tS^M)]DUp), 
where Dp{p) is the full free Lorentz- violating scalar field propagator, given by 



(78) 



dUp) 



p2 _ ^2 



+ 



p2 _ ^2 



lK^''p^.P 



^2 2 



+ 0{K')^D''M[l-m)], (79) 



with Dp{p) the Lorentz-invariant propagator. iZ{p) is the total one loop correction 
(including all the Lorentz- violating contributions), and is the scalar field counterterm. 

2 2 

We will treat the masses as small perturbations; this means that <^ 1 and ^ ^ 1. 
The renormalization conditions previously stated in section 14.11 and 16.11 imply that 



iZ{p,{xi}) 



+ i6<^{M) = 



^0) 



_d_ 

dxi 



p2 = -M^ 

iZ{p, {x,})+i5^{M, {xi}) 



0. 



2 = -M2 
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Now we can apply the CSE to eq. flTHj) . The operator in the CSE only acts on the 

counterterm; therefore 



DM 



[DU-M')fM^^5^M) 



d 



-M2 



dM 



12) 



2 = -M2 



The ^ j /3a; - will only act on D]^ (p) , because the contribution from the one-loop diagrams 
and the counterterm cancel each other after evaluation at p"^ = — M^. Since the free 
Lorentz- violating propagator Dp{p) only depends on /i and K'^", we find 



d 



-M2 



+i[DU-M^)fp^Pls{l3K 



^3) 



The last term of the CSE gives 



2) 



-M2 



Using these three contributions — eqs. (182148^ — we find after some simplification 



which becomes 



dM 



P,^ + pMPkY"" + 2(M2 + /i^)^^ + 0{K^) = 0, (85) 



-M2 



dM ^ dM ^'"^^dM^ 

2 



^6) 



Comparing powers of and momentum, we see 



-M 



-M 



d 

dM 
d 

dM 



SfM^iVM) - fJ'^S^{T]M) = 2 5^2 (C = 0) - fl^6^ 



M 



25^^ 



^7) 



As mentioned above, the remaining counterterms can be found applying the CSE to the 
other correlation functions. For the fermion two-point function the process is similar to 
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the one just explained; however, the fermion self-energy contains many more operators. 
The vertices demand more work, since we must include corrections on the external legs, 
using the expressions already found for the boson and fermion self-energies. The /3- and 
7-functions of the fermion field operators are. 

7v = -^i'^ (88) 

Pm = 2{5m- m5^) (89) 

Pm' = 25m' (90) 

= 2(4J^^'-''^". (91) 

On the other hand, the /3-functions for the operators associated with the Yukawa and 
scalar vertices are 

(92) 
(93) 
(94) 
(95) 
(96) 
(97) 





= 25, - 


g6^ - 2g6^ 




= 2V - 


g'6^ - 2g'6^ 




= 25^*- 


1% - 21% 




= 25j^ - 


J% - 2J%, 




= 25^ - 


- L^'^d^ - 2L>'% 


/3a 


= 25a- 





6.3 Running Coupling Constants 



Finally, we will describe the momentum dependence of the different operators whose 
/3-functions were found in section [6^ Let x'^^"'^"{p\{xj}) be a momentum-dependent 
operator at p = p/M; xf^'"''" its value given at M (p = 1); and {PxiY^'"^" its /3-function. 
Then, x'^^'"'^" {p ; {xj}) satisfies the differential equation 



\/^l.../^n 



P^<"-'^"(p;{x,}) = (/3. 
with boundary condition: xf^ "^"(l ; {xj}) = x 



(98) 



Solving eq. ( 1981) is difficult in general because of the mixing of different operators through 
their /3-functions, which produces a system of coupled nonlinear differential equations. 
Since most of the /3-functions depend on g and g', we should solve for them first. Using 
eq. ( 198|) . we find 



dp 
~dg' 



gig^ + g 



t2\ 



(4^ 



TT 



g\g^ + g 

(47r) 



i2\ 



3 c" 

2 ° A ' 

1 1 

^ 2^ 4 



(99) 
(100) 
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Since l-ft'"^!' ^ t^iey can be neglected in eqs. ( !99|) and fllOOp . Defining the function 

5 



1 



^2 



(47r)' 



we find 



^(p) = 9[F{p)\ 



-1/2 



(101) 



(102) 



Solving for the renormalization fiow of the other operators is more difficult, and in most 
of the cases, analytical solutions have not been found. One of the operators that does 
offer a partial analytical solution is d^'^ . Using eq. fl98|) . we find that d^'^ satisfies the 
differential equation 



P^d^'' 
dp 



(4vr) 



,(103) 



Tracing over d^" , we find that p-^d°'^ = 0, which means that d\{p) = d°'^. Moreover, since 
L^^ is antisymmetric, the symmetric part of d^^ , d^g , satisfies the differential equation 



{9' + 9") 
3(47r)2 



[F{P)]-\Ad^{P)-t''d\]. 



(104) 



Eq. fll04p can be integrated to give 
d's{P) - \v''d\ - 



d's" - -.V'-d^ [F{p)\ 



-2/15 



(105) 



The antisymmetric part of rf^^ is coupled to L^^, making its analytical solution much 
more difficult to find. The rest of the operators — including the Dirac and Majorana 
masses — require numerical solutions, which will not be shown. 

An interesting situation is studying the behavior of a given /3-function if only its cor- 
responding Lorentz-violating coefficient is nonvanishing. This simplifies the problem and 
helps us to figure out the behavior of these operators under the RG. When each Lorentz- 
violating operator is considered alone, the /3-function of some operators can decouple and 
be brought to the form {Px^Y^'"^" = fxX9i9')^i^ ^"{P)i which implies that 



^fx,[9{p),9' 

P 



(106) 



Therefore, if the differential equation satisfied by the operator xf^"'^"{p) can be decoupled, 
the function f^^ [9{,P), 9'{P)] determines its behavior under the RG; this set of functions is 
shown in table El When the operator g^^'^ is considered alone, it satisfies the differential 
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Coefficient 




Coefficient 


fx, [ag, ag>) 


Coefficient 


fx,[ag,ag>) 


^ ^^ 


2{ag + ag>) 




2ag 




8{ag + Og/) 









2ag. 




7(ag + Og/) 




\{ag + ag>) 









4(ag + ttg/) 









2{ag + ag/) 




4(ag + ttg/) 


d7 


2{ag + ag>) 




{ag + iSgO 




d's 









Table 5: List of the fxi{ag,ag>) functions in terms of the couphngs ag = ^^^[F^p 
and ag> = 74:;^[F{p)] ^. For the Cg" calculation, the condition c'^^ = was assumed. 



equation 

. d 



^dp^ (47r)2 



(107) 



which cannot be decoupled, because eq. fllOTp contains operators (such us g^/s'^"'^^^ and 
g^^p f]'^'^) that have different symmetry properties. 

Although every /3-function in table is positive or zero, the mixing of the operators 
that arises when multiple Lorentz-violating operators are considered might change the 
global sign of the /3-functions under some conditions. For example, when we consider both 
K^'^ and Cg^ different from zero (but K^^ = c^^ = 0), their /3-functions satisfy {Pk)^ = 
— 12{Pc)s'^ ■ This condition guarantees that one of the two operators is asymptotically free, 
while the other one grows with momentum. This behavior can be seen in fig. M 

This generalizes the result found in which found that the maximum velocities 
in different sectors (equivalent to and K^^) flow toward equality low energies. In 
fact, this is one aspect of a very general phenomenon. A traceless symmetric c can, like 
a K, be eliminated (at leading order) by a coordinate redefinition. However, the same 
redefinition will work for both the fermion and scalar sectors only if c^'^ + c'^'^ = K^^ . If the 
equality holds, the LV is unphysical — a mere coordinate artifact. If the equality does not 
hold, the physically relevant Lorentz-violating parameter is c^'^ + d^^ — K^'^ . All physical 
observables, and thus the one-loop /3-function, just depend on that linear combination. It 
follows that c^'^ + d^^ = K^^ (which represents physical LI) is a fixed point of the RG. 
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iT-'MPip) a--'Mp(p) 




Figure 9: Plots of Mg'^(p) = Kg^{p) (continuous line) and Mg^{p) = c^^ip) (dashed line) 
versus p, for g = g' = 0.5. The graph in the left shows their momentum evolution of 
the their fi = u = 1 components, while the one in the right describes the behavior of 
their /i = z/ = 2 components. The initial conditions are Kg'^ = = cr(5f(5J' — S2S2), 
with (T ^ 1. Note that the initial conditions imply that both c and K are traceless, 
= c'^ = 0, and that the remaining components vanish. 



7 Conclusions 

First, we studied the behavior of a theory with scalar fields with mass m, coupled by a 
0^ interaction. The theory was extended to the Lorentz- violating case by the introduction 
of the coefficients Kfj_,^. The theory was shown to be perturbatively renormalizable; eq. ( 126|1 
shows how to relate the /3 and 7 function at any approximation level, once their expressions 
for the Lorentz-invariant case are known. To find the finite corrections, eqs. (152]) and f l33p 
can be used; we merely need to find the results in the Lorentz-invariant theory, which is 
easier to solve. 

In the pure scalar sector, the effect of the coefficients K^i, is the one expected. The 
momenta as well as the renormalization scale are modified by — )■ + K^^jp^p'^ and 
— )■ M"^ — K^yp^p'^ . This means that the Minkowsky metric is effectively modified from 
Tj^y to rj^jj + K^jj, which breaks Lorentz invariance. However, a coordinate transformation 
can make the action Lorentz invariant as long as the coupling constant A and the fields 
are rescaled. In the trivial case K^^, = Crj^y, the Lorentz violating and Lorentz invariant 
Lagrangians lead to the same equations of motion under the rescaling — )■ a/1 + C 0, 

~^ A — )■ -(j^r^- This is consistent with eqs. (^^, ( 15^ and (15^ by noting 

that the function 11 becomes 11 — )■ (1 + C)~^. 

With Yukawa coupling with fermions introduced, we showed how the theory can be 
renormalized at the one-loop order. There are more renormalizable operators in this 
theory than in Lorentz-violating QED. Moreover, when both the scalar and pseudoscalar 
couplings g and g' appear, there is mixing between operators with different P and T 
symmetries. 

The /3-functions were found applying the CSE to correlation functions. The momen- 
tum dependence of the Lorentz-violating operators was studied in detail in the situation 
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where only one form of LV was nonvanishing. In this case, most of the operators have 
positive /3-functions, meaning that their values increase with the energy scale. When 
various forms of Lorentz-violations are considered simultaneously, some of the operators 
mix; their /3-functions are modified and the overall signs of some /3-functions can change. 



Appendix: Scalar Vertex to all Orders in K 

Let ^("i'"2) represent the one-loop contribution to the scalar vertex when rii and n2 
insertions of K are introduced in the first and second internal lines, respectively. Then 

For n = ni + n2, there are n + 1 possible ways of distributing the n insertions between 
the internal lines. Since V'^'^^ diverges only logarithmically, its infinite contribution can 
be found by setting p = 0; then 

Performing the Wick rotation go = "^go and g^ = g,, we note that inside the symmetric 
integration 

("^-^^^ = did + 2)...[d + 2in-lV ' ^^'^ 



where K^,,, . . . K^^,,^?]^^^-"^ . . . r//^"-"} = K{^,,, . . . K^^.^yr]^'^''^ . . . 7]^-^- = s''[K^,r''] is 
given by 

+ Kf,^„^ ■ ■ ■ K^^y^r]'''"'^ ■ ■ ■T]''"''" + all possible permutations 

of the indices on the K (A4) 



and represents the {2n — l)\\ different ways of contracting n powers of K^^, and rj^'^. Noting 

-id/2) 



that d{d + 2)---[d + 2{n - 1)] = 2"^^±^, we find that 



~ 2 2- ^^"^ V (27r)'^r(n + d/2)(^2 + ^2)-+2' ^"^^^ 



which reproduces eq. (12^ . 
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In order to obtain eq. f l25|) we must evaluate 



n=0 ■ ^ ^ 

s"[-ft'^j,?7^'^] is the sum over all {2n — 1)!! distinct contractions of the 2n indices of 
K^^y^ - ■ ■ K^^^j_^. It is simplest to treat as a matrix, so a cyclic contraction of 
matrices is tr Any element in the sum s"'[Kni,r]^''] will have the form Yl-{tT K^^)"^\ 
a product of cyclic contractions, where the cyclic contraction of size Ui has multiplicity 
rrii. We must determine combinatorically how many times each ]^j(tr i^'"^')'"' appears in 
s"[i^^,^?7^^]. The total number of K matrices appearing is n = 'Y^^niTJii. 

There are ^ (^'\)m^ ways of partitioning a set of n elements into mi distinguishable 
subsets of size rii, m2 distinguishable subsets of size n2, etc. However, this overcounts for 
our purposes, because it treats the rrii sets of size rii as distinguishable. Exchanging all 
the K factors in one subset for those in another subset of equal size does not correspond 
to a distinct contraction. So the number of ways of choosing the cyclic contractions is 

We must also count how many ways there are to contract rii factors of i^' in a completely 
cyclic way. Starting with the first index, there are 2(nj — 1) ways of contracting the index 
with an index on a different K. Then, there are 2(nj — 2) ways of contracting the other 
index on the K just chosen with an index on a third K. Continuing in this fashion, there 
are ultimately 2"'*~^{ni — 1)! ways of forming the contraction. (Alternatively, there are 

ways of ordering the factors of K and 2 choices of which index to use at each step. 
However, this overcounts the number of possibilities by 2nj, because there are rii cyclic 
permutations of the K matrices that do not change the overall contraction structure; 
switching the choice of index for every K simultaneously also does not produce a new 
contraction.) 

So we have 

A 

where the sum runs over all partitions A = (ni)'"i(n2)'"^ ■ ■ ■ of the integer n. We now 
have a double sum, Yl'^=o XIa' "-"^^^ non-negative n and over all partitions of n. But 
this is simply a sum over all possible partitions of any non-negative integer. Hence, it 
can be re-expressed as an unrestricted sum over each rrii, which is the number of cyclic 
contractions of n,- = i matrices K. 



n, 



Ui 



^rriii 



JJ[2"» 



[Ui 



'(trir"»; 



rrii 



(A7) 
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Using n = '^^1^^171^, the original sum becomes (after many cancellations) 




[tr K-r =111: 



rriil 2i 



1 r(-i)^ 



trK' 



(A8) 



The sum is just ln(l + i^) for the matrix argument K. Since for a matrix A, e^^^ — det e"^, 
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